Locally Anisotropic Structures and Nonlinear Connections in Einstein and
  Gauge Gravity by Vacaru, Sergiu I. & Dehnen, Heinz
ar
X
iv
:g
r-q
c/
00
09
03
9v
1 
 1
2 
Se
p 
20
00
Locally Anisotropic Structures and Nonlinear
Connections in Einstein and Gauge Gravity
Sergiu I. Vacaru ∗ and Heinz Dehnen†
Fachbereich Physik, Universitat Konstanz,
Postfach M 638, D–78457, Konstanz, Germany
August 15, 2000
Abstract
We analyze local anisotropies induced by anholonomic frames and associated
nonlinear connections in general relativity and extensions to affine–Poincare´ and
de Sitter gauge gravity and different types of Kaluza–Klein theories. We con-
struct some new classes of cosmological solutions of gravitational field equations
describing Friedmann–Robertson–Walker like universes with rotation (ellongated
and flattened) ellipsoidal or torus symmetry.
1 Introduction
The search for exact solutions with generic local anisotropy in general relativity,
gauge gravity and non–Riemannian extensions has its motivation from low energy
limits in modern string and Kaluza–Klein theories. Such classes of solutions
constructed by using moving anholonomic frame fields (tetrads, or vierbeins; we
shall use the term frames for higher dimensions) reflect a new type of constrained
dynamics and locally anisotropic interactions of gravitational and matter fields
[31, 32].
What are the requirements of such constructions and their physical treat-
ment? We belive that such solutuions should have the properties: (i) they satisfy
the Einstein equations in general relativity and are locally anisotropic general-
izations of some known solutions in isotropic limits with a well posed Cauchy
problem; (ii) the corresponding geometrical and physical values are defined, as
a rule, with respect to an anholonomic system of reference which reflects the
imposed constraints and supposed symmetry of locally anisotropic interactions;
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the reformulation of results for a coordinate frame is also possible; (iii) by apply-
ing the method of moving frames of reference, we can generalize the solutions to
some analogous in metric–affine and/or gauge gravity, in higher dimension and
string theories.
Comparing with the previos results [26, 28, 29, 30, 33] on definition of self–
consistent field theories incorporating various possible anisotropic, inhomoge-
neous and stochastic manifestations of classical and quantum interactions on lo-
cally anisotropic and higher order anisotropic spaces, we emphasize that, in this
paper, we shall be interested not in some extensions of the well known gravity
theories with locally isotropic spacetimes ((pseudo)Riemannian or Riemanian–
Cartan–Weyl ones, in brief, RCW–spacetimes) to Finsler geometry and its gen-
eralizations, but in a proof that locally anisotropic structures (Finsler, Lagrange
and higher order developments [10, 5, 25, 13, 1, 17, 15, 3, 9]) could be induced
by anholonomic frames on locally isotropic spaces, even in general relativity and
its metric–affine and gauge like modifications [8, 34, 23, 24, 14, 6, 33, 22, 35].
To evolve some new (frame anholonomy) features of locally isotropic gravity
theories we shall apply the methods of the geometry of anholonomic frames and
associated nonlinear connection (in brief, N–connection) structures elaborated in
details for bundle spaces and generalized Finsler spaces in monographs [17, 15,
3] with further developments for spinor differential geometry, superspaces and
stochastic calculus in [26, 28, 29, 30]. The first rigurous global definition of N–
connections is due to W. Barthel [2] but the idea and some rough constructions
could be found in the E. Cartan’s works [5]. We note that the point of this
paper is to emphasize the generic locally anisotropic geometry and physics and
apply the N–connection method for non–Finslerian (pseudo) Riemannian and
RCW spacetimes. Here, it should be mentioned that anholonomic frames are
considered in detail, for instance, in monographs [7, 19, 21] and with respect
to geometrization of gauge theories in [14, 22] but not concerning the topic on
associated N–connection structures which grounds our geometric approach to
anisotropies in physical theories and developing of a new method of integrating
gravitational field equations.
The paper is organized as follows: Section 2 contains a brief introduction
into the geometry of anholonomic frames and associated nonlinear connection
structures in (pseudo) Riemannian spaces. Section 3 is devoted to the higher
order anisotropic structures in Einstein gravity. In Section 4 we formulate the
theory of gauge (Yang-Mills) fields on higher order anisotropic spaces; the vari-
ational proof of gauge field equations is considered in connection with a ”pure”
geometrical method of definition of field equations. In Section 5 the higher order
anisotropic gravity is reformulated as a gauge theory for nonsemisimple groups.
A model of nonlinear de Sitter gauge gravity with higher order anisotropy is
formulated in Section 6. An ansatz for generation of four dimenisonal solutions
with generic anisotropy of the Einstein equations is analyzed in Section 7. Some
classes of solutions, with generic anisotropy, of Einstein equations describing
Friedmann–Robertson–Walker like universes with rotation (ellongated and flat-
tened) ellipsoid and torus symmetry are constructed in Section 8. Concluding
remarks are given in Section 9.
2 Anholonomic Frames on (Pseudo) Rie-
mannian Spaces
For definiteness, we consider a (n+m)–dimensional (pseudo) Riemannian space-
time V (n+m), being a paracompact and connected Hausdorff C∞–manifold, en-
abled with a nonsigular metric
ds2 = g˜αβ du
α ⊗ duβ
with the coefficients
g˜αβ =
[
gij +N
a
i N
b
j hab N
e
j hae
N ei hbe hab
]
(1)
parametrized with respect to a local coordinate basis duα =
(
dxi, dya
)
, hav-
ing its dual ∂/uα =
(
∂/xi, ∂/ya
)
, where the indices of geometrical objects
and local coordinate uα =
(
xk, ya
)
run correspondingly the values: (for Greek
indices)α, β, . . . = n+m; for (Latin indices) i, j, k, ... = 1, 2, ..., n and a, b, c, ... =
1, 2, ...,m . We shall use ’tilds’ if would be necessary to emphasize that a value
is defined with respect to a coordinate basis.
The metric (1) can be rewritten in a block (n× n) + (m×m) form
gαβ =
(
gij(x
k, ya) 0
0 hab(x
k, ya)
)
(2)
with respect to a subclass of n+m anholonomic frame basis (for four dimensions
one used terms tetrads, or vierbiends) defined
δα = (δi, ∂a) =
δ
∂uα
=
(
δi =
δ
∂xi
=
∂
∂xi
−N bi
(
xj , yc
) ∂
∂yb
, ∂a =
∂
∂ya
)
(3)
and
δβ =
(
di, δa
)
= δuβ =
(
di = dxi, δa = δya = dya +Nak
(
xj , yb
)
dxk
)
, (4)
called the locally anisotropic bases (in brief, la–bases) adapted to the coefficients
Naj . The n × n matrice gij defines the so–called horizontal metric (in brief, h–
metric) and the m ×m matrice hab defines the vertical (v–metric) with respect
to the associated nonlinear connection (N–connection) structure given by its co-
efficients Naj (u
α) from (3) and (4). The geometry of N–connections is studied in
detail in [2, 17]; here we shall consider its applications with respect to anholo-
nomic frames in general relativity and its locally isotropic generalizations.
A frame structure δα (3) on V
(n+m) is characterized by its anholonomy rela-
tions
δαδβ − δβδα = wγαβδγ . (5)
with anholonomy coefficients wαβγ .The elongation of partial derivatives (by N–
coefficients) in the locally adapted partial derivatives (3) reflects the fact that
on the (pseudo) Riemannian spacetime V (n+m) it is modelled a generic local
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anisotropy characterized by the anholonomy relations (5) when the anholonomy
coefficients are computed as follows
wkij = 0, w
k
aj = 0, w
k
ia = 0, w
k
ab = 0, w
c
ab = 0,
waij = −Ωaij, wbaj = −∂aN bi , wbia = ∂aN bi ,
where
Ωaij = ∂iN
a
j − ∂jNai +N bi ∂bNaj −N bj ∂bNai
defines the coefficients of the N–connection curvature, in brief, N–curvature. On
(pseudo) Riemannian spacetimes this is a characteristic of a chosen anholonomic
system of reference.
A N–connection N defines a global decomposition,
N : V (n+m) = H(n) ⊕ V (m),
of spacetime V (n+m) into a n–dimensional horizontal subspace H(n) (with holo-
nomic x–coordinates) and into a m–dimensional vertical subspace V (m) (with
anisotropic, anholonomic, y–coordinates). This form of parametrizations of sets
of mixt holonomic–anholonomic frames is very useful for investigation, for in-
stance, of kinetic and thermodynamic systems in general relativity, spinor and
gauge field interactions in curved spacetimes and for definition of non–trivial re-
ductions from higher dimension to lower dimension ones in Kaluza–Klein theories.
In the last case the N–connection could be treated as a ’splitting’ field into base’s
and extra dimensions with the anholonomic (equivalently, anisotropic) structure
defined from some prescribed types of symmetries and constraints (imposed on
a physical system) or, for a different class of theories, with some dynamical field
equations following in the low energy limit of string theories [27, 28] or from
Einstein equations on a higher dimension space.
The locally anisotropic spacetimes, la–spacetimes, to be investigated in this
section are considered to be some (pseudo) Riemannian manifolds V (n+m) en-
abled with a frame, in general, anholonomic structures of basis vector fields,
δα = (δi, δa) and theirs duals δα = (δi, δa) (equivalently to an associated N–
connection structure), adapted to a symmetric metric field gαβ (2) of necessary
signature and to a linear, in general nonsymmetric, connection Γαβγ defining the
covariant derivation Dα satisfying the metricity conditions Dαgβγ = 0. The term
la– points to a prescribed type of anholonomy structure. As a matter of princi-
ple, on a (pseudo) Riemannian spacetime, we can always, at least locally, remove
our considerations with respect to a coordinate basis. In this case the geometric
anisotopy is modelled by metrics of type (1). Such ansatz for metrics are largely
applied in modern Kaluza–Klein theory [20] where the N–conection structures
have been not pointed out because in the simplest approximation on topologi-
cal compactification of extra dimensions the N–connection geometry is trivial.
A rigorous anlysis of systems with mixed holonomic–anholonomic variables was
not yet provided for general relativity, extra dimension and gauge like gravity
theories..
A n + m anholonomic structure distinguishes (d) the geometrical objects
into h– and v–components. Such objects are briefly called d–tensors, d–metrics
and/or d–connections. Their components are defined with respect to a la–basis of
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type (3), its dual (4), or their tensor products (d–linear or d–affine transforms of
such frames could also be considered). For instance, a covariant and contravariant
d–tensor Z, is expressed
Z = Zαβδα ⊗ δβ = Zijδi ⊗ dj + Ziaδi ⊗ δa + Zbj∂b ⊗ dj + Zba∂b ⊗ δa. (6)
A linear d–connection D on la–space V (n+m),
Dδγδβ = Γ
α
βγ (x, y) δα,
is parametrized by non–trivial h–v–components,
Γαβγ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
. (7)
A metric on V (n+m) with (m×m) + (n× n) block coefficients (2) is written
in distinguished form, as a metric d–tensor (in brief, d–metric), with respect to
a la–base (4)
δs2 = gαβ (u) δ
α ⊗ δβ = gij(x, y)dxidxj + hab(x, y)δyaδyb. (8)
Some d–connection and d–metric structures are compatible if there are sat-
isfied the conditions
Dαgβγ = 0.
For instance, a canonical compatible d–connection
cΓαβγ =
(
cLijk,
c Labk,
cCijc,
cCabc
)
is defined by the coefficients of d–metric (8), gij (x, y) and hab (x, y) , and by the
N–coefficients,
cLijk =
1
2
gin (δkgnj + δjgnk − δngjk) , (9)
cLabk = ∂bN
a
k +
1
2
hac
(
δkhbc − hdc∂bNdi − hdb∂cNdi
)
,
cCijc =
1
2
gik∂cgjk,
cCabc =
1
2
had (∂chdb + ∂bhdc − ∂dhbc)
The coefficients of the canonical d–connection generalize for la–spacetimes the
well known Cristoffel symbols; on a (pseudo) Riemannian spacetime with a fixed
anholonomic frame the d–connection coefficients transform exactly into the met-
ric connection coefficients.
For a d–connection (7) the components of torsion,
T (δγ , δβ) = T
α
βγδα,
Tαβγ = Γ
α
βγ − Γαγβ + wαβγ
are expressed via d–torsions
T i.jk = −T i.kj = Lijk − Likj, T ija = Ci.ja, T iaj = −Cija,
T i.ab = 0, T
a
.bc = S
a
.bc = C
a
bc − Cacb, (10)
T a.ij = −Ωaij, T a.bi = ∂bNai − La.bj, T a.ib = −T a.bi.
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We note that for symmetric linear connections the d–torsions are induced as
a pure anholonomic effect. They vanish with respect to a coordinate frame of
reference.
In a similar manner, putting non–vanishing coefficients (7) into the formula
for curvature,
R (δτ , δγ) δβ = R
α
β γτδα,
R αβ γτ = δτΓ
α
βγ − δγΓαβδ + ΓϕβγΓαϕτ − ΓϕβτΓαϕγ + Γαβϕwϕγτ ,
we can compute the components of d–curvatures
R.ih.jk = δkL
i
.hj − δjLi.hk + Lm.hjLimk − Lm.hkLimj − Ci.haΩa.jk,
R.ab.jk = δkL
a
.bj − δjLa.bk + Lc.bjLa.ck − Lc.bkLa.cj −Ca.bcΩc.jk,
P .ij.ka = ∂kL
i
.jk + C
i
.jbT
b
.ka − (∂kCi.ja + Li.lkC l.ja − Ll.jkCi.la − Lc.akCi.jc),
P .cb.ka = ∂aL
c
.bk + C
c
.bdT
d
.ka − (∂kCc.ba + Lc.dkCd.ba − Ld.bkCc.da − Ld.akCc.bd),
S.ij.bc = ∂cC
i
.jb − ∂bCi.jc + Ch.jbCi.hc − Ch.jcCihb,
S.ab.cd = ∂dC
a
.bc − ∂cCa.bd + Ce.bcCa.ed − Ce.bdCa.ec.
The Ricci tensor
Rβγ = R
α
β γα
has the d–components
Rij = R
.k
i.jk, Ria = −2Pia = −P .ki.ka, (11)
Rai =
1Pai = P
.b
a.ib, Rab = S
.c
a.bc.
We point out that because, in general, 1Pai 6= 2Pia, the Ricci d-tensor is non
symmetric.
Having defined a d-metric of type (8) in V (n+m) we can compute the scalar
curvature ←−
R = gβγRβγ
of a d-connection D, ←−
R = R̂+ S, (12)
where R̂ = gijRij and S = h
abSab.
Now, by introducing the values (11) and (12) into the Einstein’s equations
Rβγ − 1
2
gβγ
←−
R = kΥβγ ,
we can write down the system of field equations for la–gravity with anholonomic
(N–connection) structure:
Rij − 1
2
(
R̂+ S
)
gij = kΥij, (13)
Sab − 1
2
(
R̂+ S
)
hab = kΥab,
1Pai = kΥai,
2Pia = −kΥia,
6
where Υij,Υab,Υai and Υia are the components of the energy–momentum d–
tensor field Υβγ (which includes possible cosmological constants, contributions
of anholonomy d–torsions (10) and matter) and k is the coupling constant.
The h- v- decomposition of gravitational field equations (13) was introduced
by Miron and Anastasiei [17] in their N–connection approach to generalized
Finsler and Lagrange spaces. It holds true as well on (pseudo) Riemannian
spaces, in general gravity; in this case we obtain the usual form of Einstein
equations if we transfer considerations with respect to coordinate frames. If the
N–coefficients are prescribed by fixing the anholonomic frame of reference, differ-
ent classes of solutions are to be constructed by finding the h– and v–components,
gij and hab, of metric (1), or its equivalent (2). A more general approach is to
consider the N–connection as ’free’ but subjected to the condition that its co-
efficients along with the d–metric components are chosen to solve the Einsten
equations in the form (13) for some suggested symmetries, configurations of hori-
zons and type of singularities and well defined Cauchy problem. This way one
can construct new classes of metrics with generic local anisotropy (see [31] and
[32] and Sections 7 in this paper).
3 Higher Order Anisotropic Structures
Miron and Atanasiu [18, 15, 16] developed the higher order Lagrange and Finsler
geometry with applications in mechanics in order to geometrize the concepts of
classical mechanics on higher order tangent bundles. The work [28] was a proof
that higher order anisotropies (in brief, one writes abbreviations like ha–, ha–
superspace, ha–spacetime, ha–geometry and so on) can be induced alternatively
in low energy limits of (super) string theories and a higher order superbundle N–
connection formalism was proposed. There were developed the theory of spinors
[29], proposed models of ha–(super)gravity and matter interactions on ha–spaces
and defined the supersymmetric stochastic calculus in ha–superspaces which were
summarized in the monograph [30] containing a local (super) geometric approach
to so called ha–superstring and generalized Finsler–Kaluza–Klein (super) gravi-
ties.
The aim of this section is to proof that higher order anisotropic (ha–structu-
res) are induced by respective anholonomic frames in higher dimension Einstein
gravity, to present the basic geometric background for a such moving frame for-
malism and associated N–connections and to deduce the system of gravitational
field equations with respect to ha–frames.
3.1 Ha–frames and corresponding N–connections
Let us consider a (pseudo) Riemannian spacetime V (n) = V (n+m) where the
anisotropic dimension m is split into z sub–dimensions mp, (p = 1, 2, ..., z), i. e.
m = m1+m2+ ...+mz . The local coordinates on a such higher dimension curved
spacetime will be denoted as to take into account the m–decomposition,
u = {uα ≡ uαz = (xi, ya1 , ya2 , . . . , yap , . . . yaz)},
uαp = (xi, ya1 , ya2 , . . . , yap) = (uαp−1 , yap) .
7
The la–constructions from the previous Section are considered to describe anholo-
nomic structures of first order; for z = 1 we put uα1 =
(
xi, ya1
)
= uα =
(
xi, ya1
)
.
The higher order anisotropies are defined inductively, ’shell by shell’, starting
from the first order to the higher order, z–anisotropy. In order to distinguish
the components of geometrical objects with respect to a p–shell we provide both
Greek and Latin indices with a corresponding subindex like αp = (αp−1, ap), and
ap = (1, 2, ...,mp), i. e. one holds a shell parametrization for coordinates,
yap = (y1(p) = y
1, y2(p) = y
2, ..., y
mp
(p) = y
mp).
We shall overline some indices, for instance, α and a, if would be necessary to
point that it could be split into shell components and omit the p–shell mark
(p) if this does not lead to misunderstanding. Such decompositions of indices
and geometrical and physical values are introduced with the aim for a further
modelling of (in general, dynamical) spllittings of higher dimension spacetimes,
step by step, with ’interior’ subspaces being of different dimension, to lower
dimensions, with nontrival topology and anholonomic (anisotropy) structures in
generalized Kaluza–Klein theories.
The coordinate frames are denoted
∂α = ∂/u
α =
(
∂/xi, ∂/ya1 , ..., ∂/yaz
)
with the dual ones
dα = duα =
(
dxi, dya1 , ..., dyaz
)
,
when
∂αp = ∂/u
αp =
(
∂/xi, ∂/ya1 , ..., ∂/yap
)
and
dαp = duαp =
(
dxi, dya1 , ..., dyap
)
if considerations are limited to the p-th shell.
With respect to a coordinate frame a nonsigular metric
ds2 = g˜αβ du
α ⊗ duβ
with coefficients g˜αβ defined on induction,
g˜α1β1 =
[
gij +M
a1
i M
b1
j ha1b1 M
e1
j ha1e1
M e1i hb1e1 ha1b1
]
, (14)
...
g˜αpβp =
[
gαp−1βp−1 +M
ap
αp−1M
bp
βp−1
hapbp M
ep
βp−1
hapep
M
ep
αp−1hbpep hapbp
]
,
...
g˜αβ = g˜αzβz =
[
gαz−1βz−1 +M
az
αz−1M
bz
βz−1
hazbz M
ez
βz−1
hazez
M ezαz−1hbzez hazbz
]
,
where indices are split as α1 = (i1, a1) , α2 = (α1, a2) , αp = (αp−1, ap) ; p =
1, 2, ...z.
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The metric (14) on V (n) splits into symmetric blocks of matrices of dimensions
(n× n)⊕ (m1 ×m1)⊕ ...⊕ (mz ×mz) ,
n+m form
gαβ =

gij(u) 0 . . . 0
0 ha1b1 . . . 0
. . . . . . · · · . . .
0 0 . . . hazbz
 (15)
with respect to an anholonomic frame basis defined on induction
δαp = (δαp−1 , ∂ap) =
(
δi, δa1 , ..., δap−1 , ∂ap
)
(16)
=
δ
∂uαp
=
(
δ
∂uαp−1
=
∂
∂uαp−1
−N bpαp−1 (u)
∂
∂ybp
,
∂
∂yap
)
,
and
δβp =
(
di, δap
)
=
(
di, δa1 , ..., δap−1 , δap
)
(17)
= δuβp =
(
di = dxi, δap = δyap = dyap +Mapαp−1 (u) du
αp−1
)
,
where ap = (a1, a2, ..., ap) , are called the locally anisotropic bases (in brief la–
bases) adapted respectively to the N–coefficients
Napαp−1 =
{
N
ap
i , N
ap
a1 , ..., N
ap
ap−2 , N
ap
ap−1
}
and M–coefficients
Mapαp−1 =
{
M
ap
i ,M
ap
a1 , ...,M
ap
ap−2 ,M
ap
ap−1
}
;
the coefficientsM
ap
αp−1 are related via some algebraic relations with N
ap
αp−1 in order
to be satisfied the la–basis duality conditions
δαp ⊗ δβp = δβpαp ,
where δ
βp
αp is the Kronecker symbol, for every shell.
The geometric structure of N– and M–coefficients of a higher order nonlinear
connection becames more explicit if we write the relations (16) and (17) in matrix
form, respectively,
δ• = N̂ (u)× ∂•
and
δ• = d• ×M (u) ,
where
δ• = δα =

δi
δa1
δa2
· · ·
δaz
 =

δ/∂xi
δ/∂ya1
δ/∂ya2
· · ·
δ/∂yaz
 , ∂• = ∂α =

∂i
∂a1
∂a2
· · ·
∂az
 =

∂/∂xi
∂/∂ya1
∂/∂ya2
· · ·
∂/∂yaz
 ,
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δ• =
(
dxi δya1 δya2 . . . δyaz
)
, d• =
(
dxi dya1 dya2 . . . dyaz
)
,
and
N̂ =

1 −Na1i −Na2i . . . −Nazi
0 1 −Na2a1 . . . −Naza1
0 0 1 . . . −Naza2
. . . . . . . . . . . . . . .
0 0 0 . . . 1
 ,
M =

1 Ma1i M
a2
i . . . M
az
i
0 1 Ma2a1 . . . M
az
a1
0 0 1 . . . Maza2
. . . . . . . . . . . . . . .
0 0 0 . . . 1
 .
The n × n matrice gij defines the horizontal metric (in brief, h–metric) and
the mp ×mp matrices hapbp defines the vertical, vp–metrics with respect to the
associated nonlinear connection (N–connection) structure given by its coefficients
N
ap
αp−1 from (16). The geometry of N–connections on higher order tangent bundles
is studied in detail in [18, 15, 16], for vector (super)bundles there it was proposed
the approach from [28, 30]; the approach and denotations elaborated in this work
is adapted to further applications in higher dimension Einstein gravity and its
non–Riemannian locally anisotropic extensions.
A ha–basis δα (4) on V
(n) is characterized by its anholonomy relations
δαδβ − δβδα = wγαβδγ . (18)
with anholonomy coefficients wγ
αβ
. The anholonomy coefficients are computed
wkij = 0;w
k
apj = 0;w
k
iap = 0;w
k
apbp = 0;w
cp
apbp
= 0;
w
ap
ij = −Ωapij ;wbpapj = −δapN
bp
i ;w
bp
iap
= δapN
bp
i ;
w
kp
apbp
= 0;w
cf
apbf
= 0, f < p;w
cf
bfap
= 0, f < p;w
cf
apbp
= 0, f < p;
w
ap
cfds
= −Ωapcfds , (f, s < p);wbpapcf = −δapN bpcf , f < p;wbpcfap = δapN bpcf , f < p;
where
Ω
ap
ij = ∂iN
ap
j − ∂jNapi +N bpi δbpNapj −N bpj δbpNapi , (19)
Ω
ap
αfβs
= ∂αfN
ap
βs
− ∂βsNapαf +N bpαf δbpN
ap
βs
−N bpβsδbpNapαf ,
for 1 ≤ s, f < p, are the coefficients of higher order N–connection curvature
(N–curvature).
A higher order N–connection N defines a global decomposition
N : V (n) = H(n) ⊕ V (m1) ⊕ V (m2) ⊕ ...⊕ V (mz),
of spacetime V (n) into a n–dimensional horizontal subspace H(n) (with holo-
nomic x–components) and into mp–dimensional vertical subspaces V
(mp) (with
anisotropic, anholonomic, y(p)–components).
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3.2 Distinguished linear connections
In this section we consider fibered (pseudo) Riemannian manifolds V (n) enabled
with anholonomic frame structures of basis vector fields, δα = (δi, δa) and theirs
duals δα = (δi, δa) with associated N–connection structure, adapted to a sym-
metric metric field gαβ (15) and to a linear, in general nonsymmetric, connec-
tion Γα
βγ
defining the covariant derivation Dα satisfying the metricity condi-
tions Dαgβγ = 0. Such spacetimes are provided with anholonomic higher order
anisotropic structures and, in brief, are called ha–spacetimes.
A higher order N–connection distinguishes (d) the geometrical objects into h–
and vp–components (d–tensors, d–metrics and/or d–connections). For instance,
a d-tensor field of type
(
p r1 ... rp ... rz
q s1 ... sp ... sz
)
is written in local form as
t = t
i1...ipa
(1)
1 ...a
(1)
r1
...a
(p)
1 ...a
(p)
rp ...a
(z)
1 ...a
(z)
rz
j1...jqb
(1)
1 ...b
(1)
r1
...b
(p)
1 ...b
(p)
rp ...b
(z)
1 ...b
(z)
rz
(u) δi1 ⊗ ...⊗ δip ⊗ dj1 ⊗ ...⊗ djq ⊗
δ
a
(1)
1
⊗ ...⊗ δ
a
(1)
r1
⊗ δb(1)1 ...⊗ δb(1)s1 ⊗ ...⊗ δ
a
(p)
1
⊗ ...⊗ δ
a
(p)
rp
⊗ ...⊗
δb
(p)
1 ...⊗ δb(p)sp ⊗ δ
a
(z)
1
⊗ ...⊗ δ
a
(z)
rz
⊗ δb(z)1 ...⊗ δb(z)sz .
A linear d–connection D on ha–spacetime V (n),
Dδγδβ = Γ
α
βγ
(u) δα,
is defined by its non–trivial h–v–components,
Γα
βγ
=
(
Lijk, L
a
bk
, Cijc, C
a
bc
,K
ap
bpcp
,K
ap
bscf
, Q
af
bf cp
)
, (20)
for f < p, s.
A metric with block coefficients (15) is written as a d–metric, with respect to
a la–base (17)
δs2 = gαβ (u) δ
α ⊗ δβ = gij(u)dxidxj + hapbp(u)δyapδybp , (21)
where p = 1, 2, ..., z.
A d–connection and a d–metric structure are compatible if there are satisfied
the conditions
Dαgβγ = 0.
The canonical d–connection cΓα
βγ
is defined by the coefficients of d–metric
(21), and by the higher order N–coefficients,
cLijk =
1
2
gin (δkgnj + δjgnk − δngjk) , (22)
cLa
bk
= δbN
a
k +
1
2
hac
(
∂khbc − hdcδbNdk − hdbδcNdk
)
,
cCijc =
1
2
gikδcgjk,
cCa
bc
=
1
2
had
(
δchdb + δbhdc − δdhbc
)
,
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cK
ap
bpcp
=
1
2
gapep
(
δcpgepbp + δbpgepcp − δepgbpcp
)
,
cK
ap
bsef
= δbsN
ap
ef
+
1
2
hapcp
(
∂efhbscp − hdpcpδbsNdpef − hdsbsδcpNdsef
)
,
cQ
af
bf cp
=
1
2
haf ef δcphbf ef ,
where f < p, s. They transform into usual Christoffel symbols with respect to a
coordinate base.
3.3 Ha–torsions and ha–curvatures
For a higher order anisotropic d–connection (20) the components of torsion,
T
(
δγ , δβ
)
= Tα
βγ
δα,
Tα
βγ
= Γα
βγ
− Γα
γβ
+ wα
βγ
are expressed via d–torsions
T i.jk = −T i.kj = Lijk − Likj, T ija = −T iaj = Ci.ja,
T i
.ab
= 0, T a
.bc
= Sa
.bc
= Ca
bc
− Ca
cb
, (23)
T a.ij = −Ωaij, T a.bi = −T a.bi = δbNai − La.bj,
T
af
.bf cf
= −T af.cf bf = K
af
.bf cf
−Kaf.cf bf ,
T
af
.apbs
= 0, T
af
.bfap
= −T af.apbf = Q
af
.bfap
,
T
ap
.af bf
= −Ωap.af bf , T
ap
.bsaf
= −T ap.af bs = δbsNapaf −K
ap
.bsaf
.
We note that for symmetric linear connections the d–torsion is induced as a
pure anholonomic effect.
In a similar manner, putting non–vanishing coefficients (7) into the formula
for curvature,
R (δτ , δγ) δβ = R
α
β γτ
δα,
R α
β γτ
= δτΓ
α
βγ
− δγΓαβδ + Γ
ϕ
βγ
Γαϕτ − ΓϕβτΓ
α
ϕγ + Γ
α
βϕ
wϕγτ ,
we can compute the components of d–curvatures
R.ih.jk = δkL
i
.hj − δjLi.hk + Lm.hjLimk − Lm.hkLimj − Ci.haΩa.jk, (24)
R.a
b.jk
= δkL
a
.bj
− δjLa.bk + Lc.bjLa.ck − Lc.bkLa.cj −Ca.bcΩc.jk,
P .ij.ka = ∂kL
i
.jk + C
i
.jb
T b.ka − (∂kCi.ja + Li.lkC l.ja − Ll.jkCi.la − Lc.akCi.jc),
P .c
b.ka
= δaL
c
.bk
+ Cc
.bd
T d.ka − (∂kCc.ba + Lc.dkCd.ba − Ld.bkCc.da − Ld.akCc.bd),
S.i
j.bc
= δcC
i
.jb
− δbCi.jc + Ch.jbCi.hc − Ch.jcCihb,
S.a
b.cd
= δdC
a
.bc
− δcCa.bd + Ce.bcCa.ed − Ce.bdCa.ec,
W
.af
bf .cfef
= δefK
af
.bf cf
− δcfK
af
.bf ef
+K
hf
.bfcf
K
af
hf ef
−Khf.bfefK
af
hf cf
−Qaf.bfapΩap.cfef ,
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W
.ap
bs.cfef
= δefK
ap
.bscf
− δcfKap.bsef +K
cp
.bscf
Kap.cpef
−Kcp.bsefLap.cpcf −K
ap
.bscp
Ωcp.cfef ,
Z
.af
bf .cfef
= ∂epK
af
.bf cf
+Q
af
.bf bp
T bp.cfep
−(∂cfQaf.bfep +K
af
.hfcf
Q
hf
.bfcp
−Khf.bf cfQ
af
.hfep
−Kcp.epcfC
af
.bfcp
),
Z .csbr .cfep = δepK
cs
.brcf
+Kcs.brdfT
df
.cfep
−(∂cfCcs.brep +Kcs.df cfC
df
.brep
−Kdt.brcfC
cs
.dtep
−Kdt.epcfCcs.brdt),
Y
.af
bf .cpep
= δepQ
af
.bf cp
− δcpQaf.bfep +Q
df
.bf cp
Q
af
.dfep
−Qdf.bfepQ
af
df cp
.
where f < p, s, r, t.
3.4 Einstein equations with respect to ha–frames
The Ricci tensor
Rβγ = R
α
β γα
has the d–components
Rij = R
.k
i.jk, Ria = −2Pia = −P .ki.ka, (25)
Rai =
1Pai = P
.b
a.ib
, Rab = S
.c
a.bc
Rbf cf = W
.af
bf .cfaf
, Repbf = −2Pbf ep = −Z
.af
bf .af ep
,
Rbrcf =
1Pbrcf = Z
.es
br .cfes
.
The Ricci d-tensor is non symmetric.
If a higher order d-metric of type (21) is defined in V (n), we can compute the
scalar curvature
R = gβγRβγ .
of a d-connection D,
R = R̂+ S, (26)
where R̂ = gijRij and S = h
abSab.
The h-v parametrization of the gravitational field equations in ha–spacetimes
is obtained by introducing the values (25) and (26) into the Einstein’s equations
Rβγ −
1
2
gβγR = kΥβγ ,
and written
Rij − 1
2
(
R̂+ S
)
gij = kΥij, (27)
Sab −
1
2
(
R̂+ S
)
hab = kΥab,
1Pai = kΥai,
1Papbf = kΥapbf
2Pia = −kΥia, 2Pasbf = −kΥaf bp ,
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where Υij,Υab,Υai,Υia,Υapbf ,Υaf bp are the h-v–components of the energy–mo-
mentum d–tensor field Υβγ (which includes possible cosmological constants, con-
tributions of anholonomy d–torsions (23) and matter) and k is the coupling con-
stant.
We note that, in general, the ha–torsions are not vanishing. Nevetheless, for
a (pseudo)–Riemannian spacetime with induced anholonomic anisotropies it is
not necessary to consider an additional to (27) system of equations for torsion
becouse in this case the torsion structure is an anholonomic effect wich becames
trivial with respect to holonomic frames of reference.
If a ha–spacetime structure is associated to a generic nonzero torsion, we
could consider additionally, for instance, as in [33], a system of algebraic d–field
equations with a source Sα
βγ
for a locally anisotropic spin density of matter (if
we construct a variant of higher order anisotropic Einstein–Cartan theory):
T γ
αβ
+ 2δγ[αT
δ
β]δ
= κSγ
αβ.
In a more general case we have to introduce some new constraints and/or dy-
namical equations for torsions and nonlinear connections which are induced from
(super) string theory and/ or higher order anisotropic supergravity [27, 28]. Two
variants of gauge dynamical field equations with both frame like and torsion vari-
ables will be considered in the Section 5 and 6 of this paper.
4 Gauge Fields on Ha–Spaces
This section is devoted to gauge field theories on spacetimes provided with higher
order anisotropic anholonomic frame structures.
4.1 Bundles on ha–spaces
Let us consider a principal bundle
(
P, π,Gr, V (n)
)
over a ha–spacetime V (n) (P
and V (n) are called respectively the base and total spaces) with the structural
group Gr and surjective map π : P → V (n) (on geometry of bundle spaces see,
for instance, [4, 17, 23]). At every point u = (x, y(1), ... , y(z)) ∈ V (n) there is a
vicinity U ⊂ V (n), u ∈ U , with trivializing P diffeomorphisms f and ϕ :
fU : π
−1 (U) → U×Gr, f (p) = (π (p) , ϕ (p)) ,
ϕU : π
−1 (U) → Gr,ϕ(pq) = ϕ (p) q
for every group element q ∈ Gr and point p ∈ P. We remark that in the general
case for two open regions
U ,V ⊂ V (n),U ∩ V 6= ∅, fU|p 6= fV|p , even p ∈ U ∩ V.
Transition functions gUV are defined
gUV : U ∩ V →Gr, gUV (u) = ϕU (p)
(
ϕV (p)
−1
)
, π (p) = u.
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Hereafter we shall omit, for simplicity, the specification of trivializing regions
of maps and denote, for example, f ≡ fU , ϕ ≡ ϕU , s ≡ sU , if this will not give
rise to ambiguities.
Let θ be the canonical left invariant 1-form on Gr with values in algebra Lie
G of group Gr uniquely defined from the relation θ (q) = q, for every q ∈ G, and
consider a 1-form ω on U ⊂ V (n) with values in G. Using θ and ω, we can locally
define the connection form Θ in P as a 1-form:
Θ = ϕ∗θ +Ad ϕ−1 (π∗ω) (28)
where ϕ∗θ and π∗ω are, respectively, 1–forms induced on π−1 (U) and P by maps
ϕ and π and ω = s∗Θ. The adjoint action on a form λ with values in G is defined
as (
Ad ϕ−1λ
)
p
=
(
Ad ϕ−1 (p)
)
λp
where λp is the value of form λ at point p ∈ P.
Introducing a basis {∆â} in G (index â enumerates the generators making up
this basis), we write the 1-form ω on V (n) as
ω = ∆âω
â (u) , ωâ (u) = ωâµ (u) δu
µ (29)
where δuµ =
(
dxi, δya
)
and the Einstein summation rule on indices â and µ is
used. Functions ωâµ (u) from (29) are called the components of Yang-Mills fields
on ha-spacetime V (n). Gauge transforms of ω can be interpreted as transition
relations for ωU and ωV , when u ∈ U ∩ V,
(ωU)u = (g
∗
UVθ)u +Ad gUV (u)
−1 (ωV)u . (30)
To relate ωâµ with a covariant derivation we shall consider a vector bundle Ξ
associated to P. Let ρ : Gr → GL (Rs) and ρ′ : G → End (Es) be, respectively,
linear representations of group Gr and Lie algebra G (where R is the real number
field). Map ρ defines a left action on Gr and associated vector bundle Ξ =
P ×Rs/Gr, πE : E → V (n). Introducing the standard basis ξi = {ξ1, ξ2, ..., ξs} in
Rs, we can define the right action on P× Rs, ((p, ξ) q = (pq, ρ (q−1) ξ) , q ∈ Gr) ,
the map induced from P
p : Rs → π−1E (u) , (p (ξ) = (pξ)Gr, ξ ∈ Rs, π (p) = u)
and a basis of local sections ei : U → π−1E (U) , ei (u) = s (u) ξi. Every section
ς : V (n) → Ξ can be written locally as ς = ςiei, ςi ∈ C∞ (U) . To every vector
field X on V (n) and Yang-Mills field ωâ on P we associate operators of covariant
derivations:
∇Xζ = ei
[
Xζ i +B (X)
i
j ζ
j
]
, B (X) =
(
ρ′X
)
â ω
â (X) . (31)
The transform (30) and operators (31) are interrelated by these transition trans-
forms for values ei, ζ
i, and Bµ :
eVi (u) = [ρgUV (u)]
j
i e
U
i , ζ
i
U (u) = [ρgUV (u)]
j
i ζ
i
V , (32)
BVµ (u) = [ρgUV (u)]
−1 δµ [ρgUV (u)] + [ρgUV (u)]
−1BUµ (u) [ρgUV (u)] ,
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where BUµ (u) = B
µ
(
δ/duµ
)
(u) .
Using (32), we can verify that the operator ∇UX , acting on sections of πΞ :
Ξ→ V (n) according to definition (31), satisfies the properties
∇Uf1X+f2Y = f1∇UX + f2∇UX , ∇UX (fζ) = f∇UXζ + (Xf) ζ,
∇UXζ = ∇VXζ, u ∈ U ∩ V,f1, f2 ∈ C∞ (U) .
So, we can conclude that the Yang–Mills connection in the vector bundle
πΞ : Ξ → V (n) is not a general one, but is induced from the principal bundle
π : P → V (n) with structural group Gr.
The curvature K of connection Θ from (28) is defined as
K = DΘ, D = Ĥ ◦ d (33)
where d is the operator of exterior derivation acting on G-valued forms as
d
(
∆â ⊗ χâ
)
= ∆â ⊗ dχâ
and Ĥ is the horizontal projecting operator acting, for example, on the 1-form
λ as
(
Ĥλ
)
P
(Xp) = λp (HpXp) , where Hp projects on the horizontal subspace
Hp ∈ Pp [Xp ∈ Hp is equivalent to Θp (Xp) = 0] .
We can express (33) locally as
K = Ad ϕ−1U (π∗KU ) (34)
where
KU = dωU + 1
2
[ωU , ωU ] . (35)
The exterior product of G-valued form (35) is defined as[
∆â ⊗ λâ,∆b̂ ⊗ ξb̂
]
=
[
∆â,∆b̂
]
⊗ λâ
∧
ξb̂,
where the antisymmetric tensorial product is denoted λâ
∧
ξb̂ = λâξb̂ − ξb̂λâ.
Introducing structural coefficients f â
b̂ĉ
of G satisfying[
∆
b̂
,∆ĉ
]
= f â
b̂ĉ
∆â
we can rewrite (35) in a form more convenient for local considerations:
KU = ∆â ⊗Kâµνδuµ
∧
δuν (36)
where
Kâµν =
δωâν
∂uµ
− δω
â
µ
∂uν
+
1
2
f â
b̂ĉ
(
ωb̂µω
ĉ
ν − ωb̂νωĉµ
)
..
This subsection ends by considering the problem of reduction of the local
anisotropic gauge symmetries and gauge fields to isotropic ones. For local trivial
considerations we can consider that with respect to holonomic frames the higher
order anisotropic Yang-Mills fields reduce to usual ones on (pseudo) Riemannian
spaces.
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4.2 Yang-Mills equations on ha-spaces
Interior gauge symmetries are associated to semisimple structural groups. On the
principal bundle
(
P, π,Gr, V (n)
)
with nondegenerate Killing form for semisimple
group Gr we can define the generalized bundle metric
hp (Xp, Yp) = Gpi(p) (dπPXP , dπPYP ) +K (ΘP (XP ) ,ΘP (XP )) , (37)
where dπP is the differential of map π : P → V (n), Gpi(p) is locally generated as
the ha-metric (21), and K is the Killing form on G :
K
(
∆â,∆b̂
)
= f ĉ
b̂d̂
f d̂
âĉ
= K
â̂b
.
Using the metric gαβ on V
(n) (respectively, hP (XP , YP ) on P) we can in-
troduce operators ∗G and δ̂G acting in the space of forms on V (n) (∗H and δ̂H
acting on forms on P)). Let eµ be an orthonormalized frame on U ⊂V (n), locally
adapted to the N–connection structure, i. .e. being related via some local dis-
tinguisherd linear transforms to a ha–frame (16) and eµ be the adjoint coframe.
Locally
G =
∑
µ
η (µ) eµ ⊗ eµ,
where ηµµ = η (µ) = ±1, µ = 1, 2, ..., n, and the Hodge operator ∗G can be
defined as ∗G : Λ′
(
V (n)
)
→ Λn
(
V (n)
)
, or, in explicit form, as
∗G
(
eµ1
∧
...
∧
eµr
)
= η (ν1) ...η (νn−r)× (38)
sign
(
1 2 . . . r r + 1 . . . n
µ1 µ2 . . . µr ν1 . . . νn−r
)
eν1
∧
...
∧
eνn−r .
Next, we define the operator
∗−1G = η (1) ...η (n) (−1)r(n−r) ∗G
and introduce the scalar product on forms β1, β2, ... ⊂ Λr
(
V (n)
)
with compact
carrier:
(β1, β2) = η (1) ...η (nE)
∫
β1
∧
∗Gβ2.
The operator δ̂G is defined as the adjoint to d associated to the scalar product
for forms, specified for r-forms as
δ̂G = (−1)r ∗−1G ◦d ◦ ∗G. (39)
We remark that operators ∗H and δH acting in the total space of P can be
defined similarly to (38) and (39), but by using metric (37). Both these operators
also act in the space of G-valued forms:
∗
(
∆â ⊗ ϕâ
)
= ∆â ⊗ (∗ϕâ),
δ̂
(
∆â ⊗ ϕâ
)
= ∆â ⊗ (δ̂ϕâ).
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The form λ on P with values in G is called horizontal if Ĥλ = λ and equiv-
ariant if R∗ (q)λ = Ad q−1ϕ, ∀g ∈ Gr,R (q) being the right shift on P. We can
verify that equivariant and horizontal forms also satisfy the conditions
λ = Ad ϕ−1U (π
∗λ) , λU = S
∗
Uλ,
(λV)U = Ad (gUV (u))
−1 (λU )u .
Now, we can define the field equations for curvature (34) and connection (28):
∆K = 0, (40)
∇K = 0, (41)
where ∆ = Ĥ ◦ δ̂H . Equations (40) are similar to the well-known Maxwell equa-
tions and for non-Abelian gauge fields are called Yang-Mills equations. The
structural equations (41) are called the Bianchi identities.
The field equations (40) do not have a physical meaning because they are writ-
ten in the total space of the bundle Ξ and not on the base anisotropic spacetime
V (n). But this difficulty may be obviated by projecting the mentioned equations
on the base. The 1-form ∆K is horizontal by definition and its equivariance fol-
lows from the right invariance of metric (37). So, there is a unique form (∆K)U
satisfying
∆K =Ad ϕ−1U π∗(∆K)U .
The projection of (40) on the base can be written as (∆K)U = 0. To calculate
(∆K)U , we use the equality [4, 24]
d
(
Ad ϕ−1U λ
)
= Ad ϕ−1U dλ−
[
ϕ∗Uθ,Ad ϕ
−1
U λ
]
where λ is a form on P with values in G. For r-forms we have
δ̂
(
Ad ϕ−1U λ
)
= Ad ϕ−1U δ̂λ− (−1)r ∗H {
[
ϕ∗Uθ, ∗HAd ϕ−1U λ
]
and, as a consequence,
δ̂K = Ad ϕ−1U {δ̂Hπ∗KU + ∗−1H [π∗ωU , ∗Hπ∗KU ]} − ∗−1H
[
Θ, Ad ϕ−1U ∗H (π∗K)
]
.
(42)
By using straightforward calculations in the adapted dual basis on π−1 (U) we
can verify the equalities[
Θ, Ad ϕ−1U ∗H (π∗KU )
]
= 0, ĤδH (π
∗KU ) = π∗
(
δ̂GK
)
, (43)
∗−1H [π∗ωU , ∗H (π∗KU )] = π∗{∗−1G [ωU , ∗GKU ]}.
¿From (42) and (43) one follows that
(∆K)U = δ̂GKU + ∗−1G [ωU , ∗GKU ] . (44)
Taking into account (44) and (39), we prove that projection on the base of
equations (40) and (41) can be expressed respectively as
∗−1G ◦d ◦ ∗GKU + ∗−1G [ωU , ∗GKU ] = 0. (45)
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dKU + [ωU ,KU ] = 0.
Equations (45) (see (44)) are gauge–invariant because
(∆K)U = Ad g−1UV (∆K)V .
By using formulas (36)-(39) we can rewrite (45) in coordinate form
Dν
(
GνλKâ
λµ
)
+ f â
b̂̂c
gvλω b̂
λ
Kĉνµ = 0, (46)
where Dν is a compatible with metric covariant derivation on ha-spacetime (46).
We point out that for our bundles with semisimple structural groups the
Yang-Mills equations (40) (and, as a consequence, their horizontal projections
(45), or (46)) can be obtained by variation of the action
I =
∫
KâµνKb̂αβGµαgνβKâ̂b
∣∣∣gαβ∣∣∣1/2 dx1...dxnδy1(1)...δym1(1) ...δy1(z)...δymz(z) . (47)
Equations for extremals of (47) have the form
K
r̂̂b
gλαgκβDαKb̂λβ −Kâ̂bgκαgνβf âr̂̂l ω
l̂
νKb̂αβ = 0,
which are equivalent to ”pure” geometric equations (46) (or (45)) due to nonde-
generation of the Killing form K
r̂̂b
for semisimple groups.
To take into account gauge interactions with matter fields (sections of vector
bundle Ξ on V (n)) we have to introduce a source 1–form J in equations (40) and
to write them
∆K = J (48)
Explicit constructions of J require concrete definitions of the bundle Ξ; for
example, for spinor fields an invariant formulation of the Dirac equations on ha–
spaces is necessary. We omit spinor considerations in this paper (see [26, 29]).
5 Gauge Ha-gravity
A considerable body of work on the formulation of gauge gravitational models on
isotropic spaces is based on application of nonsemisimple groups, for example, of
Poincare and affine groups, as structural gauge groups (see critical analysis and
original results in [6, 33, 14, 8, 35, 34, 22]). The main impediment to developing
such models is caused by the degeneration of Killing forms for nonsemisimple
groups, which make it impossible to construct consistent variational gauge field
theories (functional (47) and extremal equations are degenerate in these cases).
There are at least two possibilities to get around the mentioned difficulty. The
first is to realize a minimal extension of the nonsemisimple group to a semisimple
one, similar to the extension of the Poincare group to the de Sitter group con-
sidered in [23, 24, 34]. The second possibility is to introduce into consideration
the bundle of adapted affine frames on la-space V (n), to use an auxiliary non-
degenerate bilinear form a
â̂b
instead of the degenerate Killing form K
â̂b
and to
consider a ”pure” geometric method, illustrated in the previous section, of defini-
tion of gauge field equations. Projecting on the base V (n), we shall obtain gauge
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gravitational field equations on ha-space having a form similar to Yang-Mills
equations.
The goal of this section is to prove that a specific parametrization of compo-
nents of the Cartan connection in the bundle of adapted affine frames on V (n)
establishes an equivalence between Yang-Mills equations (48) and Einstein equa-
tions (27) on ha–spaces.
5.1 Bundles of linear ha–frames
Let (Xα)u = (Xi,Xa)u = (Xi,Xa1 , ...,Xaz )u be a frame locally adapted to the
N–conection structure at a point u ∈ V (n).We consider a local right distinguished
action of matrices
A αα′ =

A ii′ 0 ... 0
0 B a1a′1
... 0
... ... ... ...
0 0 ... B aza′z
 ⊂ GLn =
GL (n,R)⊕GL (m1,R)⊕ ...⊕GL (mz,R) .
Nondegenerate matrices A ii′ and B
j
j′ , respectively, transform linearly Xi|u into
Xi′|u = A
i
i′ Xi|u and Xa′p|u into Xa′p|u = B
ap
a′p
Xap|u, where Xα′|u = A
α
α′ Xα
is also an adapted frame at the same point u ∈ V (n). We denote by La
(
V (n)
)
the set of all adapted frames Xα at all points of V
(n) and consider the surjective
map π from La
(
V (n)
)
to V (n) transforming every adapted frame Xα|u and point
u into the point u. Every Xα′|u has a unique representation as Xα′ = A
α
α′ X
(0)
α ,
where X
(0)
α is a fixed distinguished basis in tangent space T
(
V (n)
)
. It is obvious
that π−1 (U) ,U ⊂ V (n), is bijective to U×GLn (R) .We can transform La
(
V (n)
)
in a differentiable manifold taking
(
uβ, A αα′
)
as a local coordinate system on
π−1 (U) . Now, it is easy to verify that
La(V (n)) = (La(V (n)), V (n), GLn(R))
is a principal bundle. We call La(V (n)) the bundle of linear adapted frames on
V (n).
The next step is to identify the components of, for simplicity, compatible
d-connection Γα
βγ
on V (n), with the connection in La(V (n))
ΘâU = ω
â = {ωα̂β̂
λ
.
= Γα
βγ
}. (49)
Introducing (49) in (44), we calculate the local 1-form(
∆R(Γ)
)
U
= ∆α̂α̂1 ⊗ (gνλDλR
α̂γ̂
νµ + f
α̂γ̂
β̂δ̂γ̂ε̂
gνλωβ̂δ̂ λRγ̂ε̂ νµ)δuµ, (50)
where
∆
α̂β̂
=

∆
î̂j
0 ... 0
0 ∆
â1 b̂1
... 0
... ... ... ...
0 0 ... ∆
âz b̂z

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is the standard distinguished basis in the Lie algebra of matrices Gln (R) with
(∆
î̂k
)jl = δijδkl and
(
∆âp ĉp
)
bpdp
= δapbpδcpdp defining the standard bases in
Gl
(
Rn
)
. We have denoted the curvature of connection (49), considered in (50),
as
R(Γ)U = ∆α̂α̂1 ⊗Rα̂α̂1νµXν
∧
Xµ,
where Rα̂α̂1νµ = R αα1 νµ (see curvatures (24)).
5.2 Bundles of affine ha–frames and Einstein equa-
tions
Besides the bundles La
(
V (n)
)
on ha-spacetime V (n), there is another bundle, the
bundle of adapted affine frames with structural group AfnE (R) = GLnE
(
V (n)
)
⊗Rn, which can be naturally related to the gravity models on (pseudo) Rieman-
nian spaces. Because as a linear space the Lie Algebra afn (R) is a direct sum
of Gln (R) and Rn, we can write forms on Aa
(
V (n)
)
as Φ = (Φ1,Φ2) , where
Φ1 is the Gln (R) component and Φ2 is the Rn component of the form Φ. The
connection (49), Θ in La
(
V (n)
)
, induces the Cartan connection Θ in Aa
(
V (n)
)
;
see the isotropic case in [23, 24, 4]. There is only one connection on Aa
(
V (n)
)
represented as i∗Θ = (Θ, χ) , where χ is the shifting form and i : Aa→ La is the
trivial reduction of bundles. If s
(a)
U is a local adapted frame in La
(
V (n)
)
, then
s
(0)
U = i ◦ sU is a local section in Aa
(
V (n)
)
and(
ΘU
)
= sUΘ = (ΘU , χU ) , (51)
where χ = eα̂ ⊗ χα̂µXµ, gαβ = χα̂αχβ̂βηα̂β̂ (ηα̂β̂ is diagonal with ηα̂α̂ = ±1) is
a frame decomposition of metric (21) on V (n), eα̂ is the standard distinguished
basis on Rn, and the projection of torsion , TU , on the base V (n) is defined as
TU = dχU +ΩU
∧
χU + χU
∧
ΩU = eα̂ ⊗
∑
µν
T α̂µνX
µ
∧
Xν . (52)
For a fixed locally adapted basis on U ⊂ V (n) we can identify components T âµν
of torsion (52) with components of torsion (23) on V (n), i.e. T α̂µν = T
α
µν . By
straightforward calculation we obtain
(∆R)U = [(∆R(Γ))U , (Rτ)U + (Ri)U ], (53)
where
(Rτ)U = δ̂GTU + ∗−1G [ΩU , ∗GTU ] , (Ri)U = ∗−1G
[
χU , ∗GR(Γ)U
]
.
Form (Ri)U from (53) is locally constructed by using components of the Ricci
tensor (see (25)) as follows from decomposition on the local adapted basis Xµ =
δuµ :
(Ri)U = eα̂ ⊗ (−1)n+1Rλνgα̂λδuµ.
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We remark that for isotropic torsionless pseudo-Riemannian spaces the re-
quirement that
(
∆R
)
U
= 0, i.e., imposing the connection (49) to satisfy Yang-
Mills equations (40) (equivalently (45) or (46)) we obtain [23, 24] the equiva-
lence of the mentioned gauge gravitational equations with the vacuum Einstein
equations Rij = 0. In the case of ha–spaces with arbitrary given torsion, even
considering vacuum gravitational fields, we have to introduce a source for gauge
gravitational equations in order to compensate for the contribution of torsion
and to obtain equivalence with the Einstein equations.
Considerations presented in this section constitute the proof of the following
result:
Theorem 1 The Einstein equations (27) for ha–gravity are equivalent to the
Yang-Mills equations (
∆R
)
= J (54)
for the induced Cartan connection Θ (see (49) and (51)) in the bundle of locally
adapted affine frames Aa
(
V (n)
)
with the source J U constructed locally by using
the same formulas (53) for
(
∆R
)
, but where Rαβ is changed by the matter source
Eαβ − 12gαβE with Eαβ = kΥαβ − λgαβ.
We note that this theorem is an extension for higher order anisotropic space-
times of the Popov and Dikhin result [24] with respect to a possible gauge like
treatment of the Einstein gravity. Similar theorems have been proved for locally
anisotropic gauge gravity [33] and in the framework of some variants of locally
(and higher order) anisotropic supergravity [30].
6 Nonlinear De Sitter Gauge Ha–Gravity
The equivalent reexpression of the Einstein theory as a gauge like theory implies,
for both locally isotropic and anisotropic space–times, the nonsemisimplicity of
the gauge group, which leads to a nonvariational theory in the total space of the
bundle of locally adapted affine frames. A variational gauge gravitational theory
can be formulated by using a minimal extension of the affine structural group
Afn (R) to the de Sitter gauge group Sn = SO (n) acting on distinguished Rn+1
space.
6.1 Nonlinear gauge theories of de Sitter group
Let us consider the de Sitter space Σn as a hypersurface given by the equations
ηABu
AuB = −l2 in the flat (n+ 1)–dimensional space enabled with diagonal
metric ηAB , ηAA = ±1 (in this subsection A,B,C, ... = 1, 2, ..., n + 1), (n =
n+m1 + ... +mz), where {uA} are global Cartesian coordinates in Rn+1; l > 0
is the curvature of de Sitter space. The de Sitter group S(η) = SO(η) (n+ 1)
is defined as the isometry group of Σn–space with n2 (n+ 1) generators of Lie
algebra so(η) (n+ 1) satisfying the commutation relations
[MAB ,MCD] = ηACMBD − ηBCMAD − ηADMBC + ηBDMAC . (55)
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Decomposing indices A,B, ... as A = (α̂, n+ 1) , B =
(
β̂, n+ 1
)
, ..., the
metric ηAB as ηAB =
(
η
α̂β̂
, η(n+1)(n+1)
)
, and operators MAB as Mα̂β̂ = Fα̂β̂ and
Pα̂ = l
−1Mn+1,α̂, we can write (55) as[
F
α̂β̂
,F
γ̂δ̂
]
= ηα̂γ̂Fβ̂δ̂ − ηβ̂γ̂Fα̂δ̂ + ηβ̂δ̂Fα̂γ̂ − ηα̂δ̂Fβ̂γ̂ ,[
Pα̂, Pβ̂
]
= −l−2F
α̂β̂
,
[
Pα̂,Fβ̂γ̂
]
= η
α̂β̂
Pγ̂ − ηα̂γ̂Pβ̂ ,
where we have indicated the possibility to decompose so(η) (n+ 1) into a direct
sum, so(η) (n+ 1) = so(η)(n) ⊕ vn, where vn is the vector space stretched on
vectors Pα̂. We remark that Σ
n = S(η)/L(η), where L(η) = SO(η) (n) . For ηAB =
diag (1,−1,−1,−1) and S10 = SO (1, 4) , L6 = SO (1, 3) is the group of Lorentz
rotations.
Let W
(
E ,Rn+1, S(η),P
)
be the vector bundle associated with the principal
bundle P
(
S(η), E
)
on ha-spacetime vn, where S(η) is taken to be the structural
group and by E it is denoted the total space. The action of the structural
group S(η) on E can be realized by using n× n matrices with a parametrization
distinguishing subgroup L(η) :
B = bBL, (56)
where
BL =
(
L 0
0 1
)
,
L ∈ L(η) is the de Sitter bust matrix transforming the vector (0, 0, ..., ρ) ∈ Rn+1
into the point
(
v1, v2, ..., vn+1
)
∈ Σnρ ⊂ Rn+1 for which vAvA = −ρ2, vA = tAρ.
Matrix b can be expressed
b =
 δα̂ β̂ + tα̂tβ̂(1+tn+1) tα̂
t
β̂
tn+1
 .
The de Sitter gauge field is associated with a linear connection in W , i.e.,
with a so(η) (n+ 1)-valued connection 1–form on V
(n) :
Θ˘ =
 ωα̂ β̂ θ˘α̂
θ˘
β̂
0
 , (57)
where ωα̂
β̂
∈ so(n)(η), θ˘α̂ ∈ Rn, θ˘β̂ ∈ ηβ̂α̂θ˘α̂.
Because S(η)-transforms mix ω
α̂
β̂
and θ˘α̂ fields in (57) (the introduced para-
metrization is invariant on action on SO(η) (n) group we cannot identify ω
α̂
β̂
and θ˘α̂, respectively, with the connection Γα
βγ
and the fundamental form χα
in V (n) (as we have for (49) and (51)). To avoid this difficulty we consider
[34, 22] a nonlinear gauge realization of the de Sitter group S(η) by introducing
the nonlinear gauge field
Θ = b−1Θ˘b+ b−1db =
 Γα̂β̂ θα̂
θ
β̂
0
 , (58)
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where
Γα̂
β̂
= ωα̂
β̂
−
(
tα̂Dt
β̂
− t
β̂
Dtα̂
)
/
(
1 + tn+1
)
,
θα̂ = tn+1θ˘α̂ +Dtα̂ − tα̂
(
dtn+1 + θ˘γ̂t
γ̂
)
/
(
1 + tn+1
)
,
Dtα̂ = dtα̂ + ωα̂
β̂
tβ̂.
The action of the group S (η) is nonlinear, yielding transforms
Γ′ = L′Γ
(
L′
)−1
+ L′d
(
L′
)−1
, θ′ = Lθ,
where the nonlinear matrix-valued function L′ = L′
(
tα, b, BT
)
is defined from
Bb = b
′BL′ (see the parametrization (56)).
Now, we can identify components of (58) with components of Γα
βγ
and χα̂α on
V (n) and induce in a consistent manner on the base of bundleW (E ,Rn+1, S(η),P)
the ha–geometry.
6.2 Dynamics of the nonlinear de Sitter ha–gravity
Instead of the gravitational potential (49), we introduce the gravitational con-
nection (similar to (58))
Γ =
 Γα̂β̂ l−10 χα̂
l−10 χβ̂ 0
 (59)
where
Γα̂
β̂
= Γα̂
β̂µ
δuµ,
Γα̂
β̂µ
= χα̂ αχ
β̂
β
Γα
βγ
+ χα̂ αδµχ
α
β̂
,
χα̂ = χα̂ µδu
µ, and gαβ = χ
α̂
αχ
β̂
β
η
α̂β̂
, and η
α̂β̂
is parametrized as
η
α̂β̂
=

ηij 0 ... 0
0 ηa1b1 ... 0
... ... ... ...
0 0 ... ηazbz
 ,
ηij = (1,−1, ...,−1) , ...ηij = (±1,±1, ...,±1) , ..., l0 is a dimensional constant.
The curvature of (59), R(Γ) = dΓ + Γ∧Γ, can be written as
R(Γ) =
 Rα̂ β̂ + l−10 πα̂β̂ l−10 T α̂
l−10 T
β̂ 0
 , (60)
where
πα̂
β̂
= χα̂
∧
χ
β̂
,Rα̂
β̂
=
1
2
Rα̂
β̂µν
δuµ
∧
δuν ,
and
Rα̂
β̂µν
= χ β
β̂
χ α̂α R
α
β.µν
24
(see (24) for components of d-curvatures). The de Sitter gauge group is semisim-
ple and we are able to construct a variational gauge gravitational locally an-
isotropic theory (bundle metric (37) is nondegenerate). The Lagrangian of the
theory is postulated as
L = L(G) + L(m)
where the gauge gravitational Lagrangian is defined as
L(G) =
1
4π
Tr
(
R(Γ)
∧
∗GR(Γ)
)
= L(G) |g|1/2 δnu,
L(G) =
1
2l2
T α̂ µνT
µν
α̂
+
1
8λ
Rα̂
β̂µν
Rβ̂ µν
α̂
− 1
l2
(←−
R (Γ)− 2λ1
)
, (61)
T α̂ µν = χ
α̂
αT
α
µν (the gravitational constant l
2 in (61) satisfies the relations
l2 = 2l20λ, λ1 = −3/l0], T r denotes the trace on α̂, β̂ indices, and the matter
field Lagrangian is defined as
L(m) =
1
2
Tr
(
Γ
∧
∗GI
)
= L(m) |g|1/2 δnu,
L(m) =
1
2
Γα̂
β̂µ
Sβ̂ µα − tµ α̂l
α̂
µ. (62)
The matter field source I is obtained as a variational derivation of L(m) on Γ
and is parametrized as
I =
 Sα̂ β̂ −l0tα̂
−l0tβ̂ 0
 (63)
with tα̂ = tα̂ µδu
µ and Sα̂
β̂
= Sα̂
β̂µ
δuµ being respectively the canonical ten-
sors of energy-momentum and spin density. Because of the contraction of the
”interior” indices α̂, β̂ in (61) and (62) we used the Hodge operator ∗G instead
of ∗H (hereafter we consider ∗G = ∗).
Varying the action
S =
∫
|g|1/2 δnu
(
L(G) + L(m)
)
on the Γ-variables (59), we obtain the gauge–gravitational field equations:
d
(
∗R(Γ)
)
+ Γ
∧(
∗R(Γ)
)
−
(
∗R(Γ)
)∧
Γ = −λ (∗I) . (64)
Specifying the variations on Γα̂
β̂
and lα̂-variables, we rewrite (64) as
D̂
(
∗R(Γ)
)
+
2λ
l2
(
D̂ (∗π) + χ
∧(
∗T T
)
− (∗T )
∧
χT
)
= −λ (∗S) , (65)
D̂ (∗T )−
(
∗R(Γ)
)∧
χ− 2λ
l2
(∗π)
∧
χ =
l2
2
(
∗t+ 1
λ
∗ τ
)
, (66)
where
T t = {Tα̂ = ηα̂β̂T β̂, T β̂ =
1
2
T β̂ µνδu
µ
∧
δuν},
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χT = {χα̂ = ηα̂β̂χβ̂, χβ̂ = χ
β̂
µδu
µ}, D̂ = d+ Γ̂
(Γ̂ acts as Γα̂
β̂µ
on indices γ̂, δ̂, ... and as Γα
βµ
on indices γ, δ, ...). In (66), τ
defines the energy–momentum tensor of the S(η)–gauge gravitational field Γ̂ :
τµν
(
Γ̂
)
=
1
2
Tr
(
RµαRα ν −
1
4
RαβRαβgµν
)
. (67)
Equations (64) (or, equivalently, (65) and (66)) make up the complete system
of variational field equations for nonlinear de Sitter gauge gravity with higher
order anisotropy. They can be interpreted as a variant of gauge like equations
for ha–gravity [33] when the (pseudo) Riemannian base frames and torsions are
considered to be induced by an anholonomic frame structure with associated
N–connection
A. Tseytlin [34] presented a quantum analysis of the isotropic version of
equations (65) and (66). Of course, the problem of quantizing gravitational
interactions is unsolved for both variants of locally anisotropic and isotropic
gauge de Sitter gravitational theories, but we think that the generalized Lagrange
version of S(η)-gravity is more adequate for studying quantum radiational and
statistical gravitational processes. This is a matter for further investigations.
Finally, we remark that we can obtain a nonvariational Poincare gauge gravi-
tational theory on ha–spaces if we consider the contraction of the gauge potential
(59) to a potential with values in the Poincare Lie algebra
Γ =
 Γα̂ β̂ l−10 χα̂
l−10 χβ̂ 0
→ Γ = ( Γα̂ β̂ l−10 χα̂
0 0
)
.
Isotropic Poincare gauge gravitational theories are studied in a number of papers
(see, for example, [35, 34, 22]). In a manner similar to considerations presented
in this work, we can generalize Poincare gauge models for spaces with local
anisotropy.
7 An Ansatz for 4D d–Metrics
We consider a 4D spacetime V (3+1) provided with a d–metric (8) when gi = gi(x
k)
and ha = ha(x
k, z) for ya = (z, y4). The N–connection coefficients are some
functions on three coordinates (xi, z),
N31 = q1(x
i, z), N32 = q2(x
i, z), (68)
N41 = n1(x
i, z), N42 = n2(x
i, z).
For simplicity, we shall use brief denotations of partial derivatives, like a˙=
∂a/∂x1, a′ = ∂a/∂x2, a∗ = ∂a/∂z a˙′= ∂2a/∂x1∂x2, a∗∗ = ∂2a/∂z∂z.
The non–trivial components of the Ricci d–tensor (11), for the mentioned
type of d–metrics depending on three variables, are
R11 = R
2
2 =
1
2g1g2
[−(g′′1 + g¨2) +
1
2g2
(
g˙22 + g
′
1g
′
2
)
+
1
2g1
(
g′ 21 + g˙1g˙2
)
]; (69)
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S33 = S
4
4 =
1
h3h4
[−h∗∗4 +
1
2h4
(h∗4)
2 +
1
2h3
h∗3h
∗
4]; (70)
P31 =
q1
2
[
(
h∗3
h3
)2
− h
∗∗
3
h3
+
h∗4
2h 24
− h
∗
3h
∗
4
2h3h4
] +
1
2h4
[
h˙4
2h4
h∗4 − h˙∗4 +
h˙3
2h3
h∗4], (71)
P32 =
q2
2
[
(
h∗3
h3
)2
− h
∗∗
3
h3
+
h∗4
2h 24
− h
∗
3h
∗
4
2h3h4
] +
1
2h4
[
h′4
2h4
h∗4 − h′ ∗4 +
h′3
2h3
h∗4];
P41 = − h4
2h3
n∗∗1 +
1
4h3
(
h4
h3
h∗3 − 3h∗4)n∗1, (72)
P42 = − h4
2h3
n∗∗2 +
1
4h3
(
h4
h3
h∗3 − 3h∗4)n∗2.
The curvature scalar
←−
R (12) is defined by the sum of two non-trivial compo-
nents R̂ = 2R11 and S = 2S
3
3 .
The system of Einstein equations (13) transforms into
R11 = −κΥ33 = −κΥ44, (73)
S33 = −κΥ11 = −κΥ22, (74)
P3i = κΥ3i, (75)
P4i = κΥ4i, (76)
where the values of R11, S
3
3 , Pai, are taken respectively from (69), (70), (71), (72).
By using the equations (75) and (76) we can define the N–coefficients (68),
qi(x
k, z) and ni(x
k, z), if the functions gi(x
k) and hi(x
k, z) are known as respec-
tive solutions of the equations (73) and (74).
Let consider an ansatz for a 4D d–metric of type
δs2 = g1(x
k)(dx1)2 + (dx2)2 + h3(x
i, t)(δt)2 + h4(x
i, t)(δy4)2, (77)
where the z–parameter is considered to be the time like coordinate and the energy
momentum d–tensor is taken
Υβα = [p1, p2,−ε, p4 = p].
The aim of this section is to analyze the system of partial differential equa-
tions forllowing form the Einsteni field equations for these d–metric and energy–
momentum d–tensor.
7.1 The h–equations
The Einstein equations (73), with the Ricci h–tensor (69), for the d–metric (77)
transform into
∂2g1
∂(x1)2
− 1
2g1
(
∂g1
∂x1
)2
+ 2κεg1 = 0. (78)
By introducing the coordinates χi = xi/
√
κε and the variable
q = g′1/g1, (79)
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where by ’prime’ in this Section is considered the partial derivative ∂/χ2, the
equation (78) transforms into
q′ +
q2
2
+ 2ǫ = 0, (80)
where the vacuum case should be parametrized for ǫ = 0 with χi = xi and ǫ = −1
for a matter state with ε = −p.
The integral curve of (80), intersecting a point
(
χ2(0), q(0)
)
, considered as a
differential equation on χ2 is defined by the functions [11]
q =
q(0)
1 +
q(0)
2
(
χ2 − χ2(0)
) , ǫ = 0; (81)
q =
q(0) − 2 tan
(
χ2 − χ2(0)
)
1 +
q(0)
2 tan
(
χ2 − χ2(0)
) , ǫ < 0. (82)
Because the function q depends also parametrically on variable χ1 we can
consider functions χ2(0) = χ
2
(0)
(
χ1
)
and q(0) = q(0)
(
χ1
)
.
We elucidate the nonvacuum case with ǫ < 0. The general formula for the
non–trivial component of h–metric is to be obtained after integration on χ1 of
(79) by using the solution (82)
g1
(
χ1, χ2
)
= g1(0)
(
χ1
){
sin[χ2 − χ2(0)
(
χ1
)
] + arctan
2
q(0) (χ1)
}2
,
for q(0)
(
χ1
) 6= 0, and
g1
(
χ1, χ2
)
= g1(0)
(
χ1
)
cos2[χ2 − χ2(0)
(
χ1
)
] (83)
for q(0)(χ
1) = 0, where g1(0)(χ
1), χ2(0)(χ
1) and q(0)(χ
1) are some functions of
necessary smoothness class on variable χ1.
For simplicity, in our further considerations we shall apply the solution (83).
7.2 The v–equations
For the ansatz (77) the Einstein equations (74) with the Ricci h–tensor (70)
transforms into
∂2h4
∂t2
− 1
2h4
(
∂h4
∂t
)2
− 1
2h3
(
∂h3
∂t
)(
∂h4
∂t
)
− κ
2
Υ1h3h4 = 0 (84)
(here we write down the partial derivatives on t in explicit form) which relates
some first and second order partial on z derivatives of diagonal components
ha(x
i, t) of a v–metric with a source
Υ1(x
i, z) = κΥ11 = κΥ
2
2 = p1 = p2
in the h–subspace. We can consider as unknown the function h3(x
i, t) (or, in-
versely, h4(x
i, t)) for some compatible values of h4(x
i, t) (or h3(x
i, t)) and source
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Υ1(x
i, t). By introducing a new variable β = h∗4/h4 the equation (84) transforms
into
β∗ +
1
2
β2 − βh
∗
3
2h3
− 2κΥ1h3 = 0 (85)
which relates two functions β
(
xi, t
)
and h3
(
xi, t
)
. There are two possibilities: 1)
to define β (i. e. h4) when κΥ1 and h3 are prescribed and, inversely 2) to find h3
for given κΥ1 and h4 (i. e. β); in both cases one considers only ”*” derivatives
on t–variable with coordinates xi treated as parameters.
1. In the first case the explicit solutions of (85) have to be constructed by
using the integral varieties of the general Riccati equation [11] which by
a corresponding redefinition of variables, t → t (ς) and β (t) → η (ς) (for
simplicity, we omit dependencies on xi) could be written in the canonical
form
∂η
∂ς
+ η2 +Ψ(ς) = 0
where Ψ vanishes for vacuum gravitational fields. In vacuum cases the
Riccati equation reduces to a Bernoulli equation which (we can use the
former variables) for s(t) = β−1 transforms into a linear differential (on t)
equation,
s∗ +
h∗3
2h3
s− 1
2
= 0. (86)
2. In the second (inverse) case when h3 is to be found for some prescribed
κΥ1 and β the equation (85) is to be treated as a Bernoulli type equation,
h∗3 = −
4κΥ1
β
(h3)
2 +
(
2β∗
β
+ β
)
h3 (87)
which can be solved by standard methods. In the vacuum case the squared
on h3 term vanishes and we obtain a linear differential (on t) equation.
Finally, in this Section we conclude that the system of equations (74) is
satisfied by arbitrary functions
h3 = a3(χ
i) and h4 = a4(χ
i).
If v–metrics depending on three coordinates are introduced, ha = ha(χ
i, t), the v–
components of the Einstein equations transforms into (84) which reduces to (85)
for prescribed values of h3(χ
i, t), and, inversely, to (87) if h4(χ
i, t) is prescribed.
7.3 H–v equations
For the ansatz (77) with h4 = h4(x
i) and a diagonal energy–momentum d–tensor
the h–v–components of Einstein equations (75) and (76) are written respectively
as
P5i =
qi
2h3
[(
∂h3
∂t
)
2
− ∂
2h3
∂t2
] = 0, (88)
and
P6i =
h4
4(h3)2
∂ni
∂t
∂h3
∂t
− h4
2h3
∂2ni
∂t2
= 0. (89)
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The equations (88) are satisfied by arbitrary coefficients qi(x
k, t) if the d–
metric coefficient h3 is a solution of
(
∂h3
∂t
)
2
− ∂
2h3
∂t2
= 0 (90)
and the q–coefficients must vanish if this condition is not satisfied. In the last
case we obtain a 3 + 1 anisotropy.
The general solution of equations (89) are written in the form
ni = l
(0)
i (x
k)
∫ √
|h3(xk, t)|dt+ n(0)i (xk)
where l
(0)
i (x
k) and n
(0)
i (x
k) are arbitrary functions on xk which have to be defined
by some boundary conditions.
8 Cosmological La–Solutions
The aim of this section is to construct two classes of solutions of Einstein equa-
tions describing Friedman–Robertson–Walker (FRW) like universes with corre-
sponding symmetries or rotational ellipsoid (ellongated and flattend) and torus.
8.1 Rotation ellipsoid FRW universes
We proof that there are cosmological solutions constructed as locally anisotropic
deformations of the FRW spherical symmetric solution to the rotation ellipsoid
configuration. There are two types of rotation ellipsoids, elongated and flattened
ones. We examine both cases of such horizon configurations.
8.1.1 Rotation elongated ellipsoid configuration
An elongated rotation ellipsoid hypersurface is given by the formula [12]
x2 + y2
σ2 − 1 +
z2
σ2
= ρ2, (91)
where σ ≥ 1, x, y, z are Cartezian coordinates and ρ is similar to the radial
coordinate in the spherical symmetric case.
The 3D special coordinate system is defined
x = ρ sinhu sin v cosϕ, y = ρ sinhu sin v sinϕ,
z = ρ cosh u cos v,
where σ = cosh u, (0 ≤ u < ∞, 0 ≤ v ≤ π, 0 ≤ ϕ < 2π). The hypersurface
metric (91) is
guu = gvv = ρ
2
(
sinh2 u+ sin2 v
)
, (92)
gϕϕ = ρ
2 sinh2 u sin2 v.
Let us introduce a d–metric of class (77)
δs2 = g1(u, v)du
2 + dv2 + h3 (u, v, τ) (δτ)
2 + h4 (u, v) (δϕ)
2 , (93)
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where x1 = u, x2 = v, y4 = ϕ, y3 = τ is the time like cosmological coordinate
and δτ and δϕ are N–elongated differentials.
As a particular solution of (93) for the h–metric we choose (see (83)) the
coefficient
g1(u, v) = cos
2 v (94)
and set for the v–metric components
h3(u, v, τ) = − 1
ρ2(τ)(sinh2 u+ sin2 v)
(95)
and
h4(u, v, τ) =
sinh2 u sin2 v
(sinh2 u+ sin2 v)
. (96)
The set of coefficients (94),(95), and (96), for the d–metric (93, and of qi = 0
and ni being solutions of (90), for the N–connection, defines a solution of the
Einstein equations (13).
The physical treatment of the obtained solutions follows from the locally
isotropic limit of a conformal transform of this d–metric: Multiplying (93) on
ρ2(τ)(sinh2 u+ sin2 v),
and considering cos2v ≃ 1 and ni ≃= 0 for locally isotropic spacetimes we get
the interval
ds2 = −dτ2 + ρ2(τ)[(sinh2 u+ sin2 v)(du2 + dv2) + sinh2 usin2 vdϕ2]
for ellipsoidal coordinates on hypersurface (92);
= −dτ2 + ρ2(τ)[dx2 + dy2 + dz2] for Cartezian coordinates,
which defines just the Robertson–Walker metric.
So, the d–metric (93), the coefficients of N–connection being solutions of (75)
and (76), describes a 4D cosmological solution of the Einstein equations when
instead of a spherical symmetry one has a locally anisotropic deformation to the
symmetry of rotation elongated ellipsoid. The explicit dependence on time τ of
the cosmological factor ρ must be constructed by using additionally the matter
state equations for a cosmological model with local anisotropy.
8.1.2 Flattened rotation ellipsoid coordinates
In a similar fashion we can construct a locally anisotropic deformation of the
FRW metric with the symmetry of flattened rotation ellipsoid. The parametric
equation for a such hypersurface is [12]
x2 + y2
1 + σ2
+
z2
σ2
= ρ2,
where σ ≥ 0 and σ = sinhu.
The proper for ellipsoid 3D space coordinate system is defined
x = ρ cosh u sin v cosϕ, y = ρ coshu sin v sinϕ
z = ρ sinhu cos v,
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where 0 ≤ u <∞, 0 ≤ v ≤ π, 0 ≤ ϕ < 2π.
The hypersurface metric is
guu = gvv = ρ
2
(
sinh2 u+ cos2 v
)
,
gϕϕ = ρ
2 sinh2 u cos2 v.
In the rest the cosmological la–solution is described by the same formulas as
in the previous subsection but with respect to new canonical coordinates for
flattened rotation ellipsoid.
8.2 Toroidal FRW universes
Let us construct a cosmological solution of the Einstein equations with toroidal
symmetry. The hypersurface formula of a torus is [12](√
x2 + y2 − ρ c tanhσ
)2
+ z2 =
ρ2
sinh2 σ
.
The 3D space coordinate system is defined
x =
ρ sinhα cosϕ
coshα− cos σ , y =
ρ sinσ sinϕ
coshα− cos σ ,
z =
ρ sinhσ
cosh τ − cos σ ,
(−π < σ < π, 0 ≤ α <∞, 0 ≤ ϕ < 2π) .
The hypersurface metric is
gσσ = gαα =
ρ2
(coshα− cos σ)2 , gϕϕ =
ρ2 sin2 σ
(coshα− cosσ)2 . (97)
The d–metric of class (77) is chosen
δs2 = g1(α)dσ
2 + dα2 + h3 (σ, α, τ) (δτ)
2 + h4 (σ) (δϕ)
2 , (98)
where x1 = σ, x2 = α, y4 = ϕ, y3 = τ is the time like cosmological coordinate
and δτ and δϕ are N–elongated differentials.
As a particular solution of (97) for the h–metric we choose (see (83)) the
coefficient
g1(α) = cos
2 α (99)
and set for the v–metric components
h3(σ, α, τ) = −(coshα− cos σ)
2
ρ2(τ)
h4(σ) = sin
2 σ. (100)
Multiplying (98) on
ρ2(τ)
(coshα− cos σ)2 ,
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and considering cosα ≃ 1 and ni ≃= 0 in the locally isotropic limit we get the
interval
ds2 = −dτ2 + ρ
2(τ)
(coshα− cosσ)2 [(dσ
2 + dα2 + sin2 σdϕ2]
where the space part is just the torus hypersurface metric (97).
So, the set of coefficients (99) and (100), for the d–metric (98, and of qi =
0 and ni being solutions of (90), for the N–connection, defines a cosmologica
solution of the Einstein equations (13) with the torus symmetry, when the explicit
form of the function ρ(τ) is to be defined by considering some additional equations
for the matter state (for instance, with a scalar field defining the torus inflation).
9 Outlook and Concluding Remarks
In this paper we have developed the method of anholonomic frames on (pseudo)
Riemannian spacetimes by considering associated nonlinear connection (N–con-
nection) strucutres. We provided a rigorous geometric background for description
of gravitational systems with mixed holonomic and anholonomic (anisotropic)
degrees of freedom by considering first and higher order anisotropies induced by
anholonomic constraints and corresponding frame bases.
The first key result of this paper is the proof that generic anisotropic struc-
tures of different order are contained in the Einstein theory. We reformulated the
tensor and linear connection formalism for (pseudo) Riemannian spaces enables
with N–connections and computed the horizonal–vertical splitting, with respect
to anholonomic frames with associated N–connections, of the Einstein equations.
The (pseudo) Riemannian spaces enabled with compatible anholonomic frame
and associated N–connection structures and the metric being a solution of the
Einstein equations were called as locally anisotropic spacetimes (la–spacetimes).
The next step was the definition of gauge field interactions on la–spacetimes.
We have applied the bundle formalism and extended it to the case of bases being
la–spacetimes and considered a pure geometric method of deriving the Yang–
Mills equations for generic locally anisotropic gauge interactions, by genalizing
the absolut differential calculus and dual forms symmetries for la–spacetimes.
The second key result was the proof by geometric methods that the Yang–
Mills equations for a correspondingly defined Cartan connection in the bundle
of affine frames on la–spacetimes are equivalent to the Einstein equations with
anholonomic (N–connection) structures (the original Popov–Dikhin papers [23,
24] were for the locally isotropic spaces). The result was obtained by applying an
auxiliary bilinear form on the tipical fiber because of degeneration of the Killing
form for the affine groups. After projection on base spacetimes the dependence
on auxiliar values is elliminated.
We analyzed also a variant of variational gauge locally anisotropic gauge the-
ory by considering a minimal extension of the affine structural group to the de
Sitter one, with a nonlinear realization for the gauge group as one was performed
in a locally isotropic version in Tseytlin’s paper [34]. If some former our works
[33, 30] where devoted to extensions of some models of gauge gravity to general-
ized Lagrange and Finsler spaces, in this paper we demonstrated which manner
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we could manage with anisotropies arrising in locally isotropic, but with anholo-
nomic structures, variants of gauge gravity. Here it should be emphasized that
anisotropies of different type (Finsler like, or more general ones) could be in-
duced in all variants of gravity theories dealing with frame (tetrad, vierbiend, in
four dimensions) fields and decompisitions of geometrical and physical objects in
comonents with respect to such frames and associated N–connections. In a sim-
ilar fashion anisotropies could arise under nontrivial reductions from higher to
lower dimensions in Kaluza–Klein theories; in this case the N–connection should
be treated as a splitting field modelling the anholonomic (anisotropic) character
of some degrees of freedom.
The third basic result is the construction of a new class of solutions, with
generic local anisotropy, of the Einstein equations. For simplicity, we defined
these solutions in the framework of general relativity, but they can be removed
to various variants of gauge and spinor gravity by using corresponding decom-
positions of the metric into the frame fields. We note that the obtained class of
solutions also holds true for the gauge models of gravity which, in this paper,
were constructed to be equivalent to the Einstein theory.
In explicit form we considered the metric ansatz
ds2 = gαβ du
αduβ
when gαβ are parametrized by matrices of type
g1 + q1
2h3 + n1
2h4 0 q1h3 n1h4
0 g2 + q2
2h3 + n2
2h4 q2h3 n2h4
q1h3 q2h3 h3 0
n1h4 n2h4 0 h4
 (101)
with coefficients being some functions of necessary smooth class gi = gi(x
j), qi =
qi(x
j, t), ni = ni(x
j , t), ha = ha(x
j, t). Latin indices run respectively i, j, k, ...
= 1, 2 and a, b, c, ... = 3, 4 and the local coordinates are denoted uα = (xi, y3 =
t, y4), where t is treated as a timelike coordinate. A metric (101) can be diago-
nalized,
δs2 = gi(x
j)
(
dxi
)2
+ ha(x
j , t) (δya)2 , (102)
with respect to anholonomic frames (3) and (4), here we write down only the
’elongated’ differentials
δt = dz + qi(x
j , t)dxi, δy4 = dy4 + ni(x
j , t)dxi.
The ansatz (101) was formally introduced in [32] in order to construct locally
anisotropic black hole solutions; in this paper we applied it to cosmological la–
spacetimes. In result, we get new metrics which describe locally anisotropic
Friedman–Robertson–Walker like universes with the spherical symmetry deform-
ed to that of rotation (ellongated and/or flattened) ellipsoid and torus. Such
solutions are contained in general relativity: in the symplest diagonal form they
are parametrized by distinguished metrics of type (102), given with respect to
anholonomic bases, but could be also described equivalently with respect to a
coordinate base by matrices of type (101). The topic of construction of cosmolog-
ical models with generic spacetime and matter field distribution and fluctuation
anisotropies is under consideration.
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Now, we point the item of definition of reference frames in gravity theories:
The form of basic field equations and fundamental laws in general relativity do
not depend on choosing of coordinate systems and frame bases. Nevetheless,
the problem of fixing of an adequate system of reference is also a very impor-
tant physical task which is not solved by any dynamical equations but following
some arguments on measuring of phyical observables, imposed symetry of in-
teractions, types of horizons and singularities, and by taken into consideration
the posed Cauchy problem. Having fixed a class of frame variables, the frame
coefficients being presented in the Einstein equations, the type of constructed
solution depends on the chosen holonomic or anholonomic frame structure. As
a result one could model various forms of anisotropies in the framework of the
Einsten theory (roughly, on (pseudo) Riemannian spacetimes with correspond-
ing anholonomic frame structures it is possible to model Finsler like metrics,
or more general ones with anisotropies). Finally, it should be noted that such
questions on stability of obtained solutions, analysis of energy–momentum con-
ditions should be performed in the simplest form with respect to the chosen class
of anholonomic frames.
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